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A new method to generate a three-dimensional (3D) nanoscale tetrapod-shaped zinc oxide whisker
(NT-ZnOw) with spatial random distribution is proposed, and a corresponding program is developed. A
whisker-generating program is combined with ﬁnite element method to build a 3D ﬁnite element model
that can predict the mechanical properties of NT-ZnOw/resin composites. A 3D ﬁnite-element unit cell is
adopted and subjected to periodic displacement boundary conditions to explore the equivalent mechan-
ical properties of the NT-ZnOw/resin composites. A micromechanics ﬁnite element model of the NT-
ZnOw reinforced composites containing various volume fractions of NT-ZnOw is also developed. Effects
of different volume fractions and aspect ratios of the whisker on the stiffness of the composites are inves-
tigated. These parameters can be used in the microscopic prediction and analysis to determine the
mechanical properties of whisker-reinforced composites with multivariate and random distribution of
the whiskers. The numerical and theoretical predictions are in good concordance.
 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
The nanoscale tetrapod-shaped zinc oxide whisker (NT-ZnOw)
is the only member in the whisker family that presents a neat
three-dimensional (3D) space structure. NT-ZnOw is characterized
by high strength, high modulus, unique isotropy, microwave
absorption, and ultraviolet absorption, among others. Therefore,
this nanowhisker can be widely used in reinforced composites,
wear- and skid-resistant materials, wave-absorbing materials,
vibration absorption, impact resistance and sound insulation mate-
rials, etc. [1,2]. Whisker-reinforced composites, as composite mate-
rials with structure–function integration, have excellent electric
conduction and microwave absorption. Moreover, the structural
load-carrying capacity of whisker-reinforced composites can be
potentially applied in high-tech industry, aerospace, aviation, and
other ﬁelds [3–5].
Recent studies on NT-ZnOw have focused on preparation meth-
ods, material properties, and wave absorption performance of this
nanomaterial than on its mechanical properties [2,6–9]. In recent
years, Zhou studied the comprehensive performances of resin/
matrix composite reinforced by NT-ZnOw [10–15]. Chen studied
the mechanical behavior of epoxy composite with NT-ZnOw asenhancer [6]. Characteristics of the in-situ, anisotropy, or layers
result in a variety of complex mechanical phenomena. Thus, using
ﬁnite element method (FEM) to study the mechanical properties of
composites is necessary. Wang et al. applied the representative
volume element (RVE) of micromechanics to predict the elastic
modulus of plain weave-fabric composites [16]. Böhm et al. stud-
ied the elastic and elastoplastic behavior of metal/matrix compos-
ites reinforced by randomly oriented short ﬁbers of spheroidal or
cylindrical shape with different volume fractions via the FEM
[17]. Giannopoulos et al. used the commercial ﬁnite element code
to develop a 3D unit cell ﬁnite element model to simulate the Ti–
6Al–4V/TiB composites by assuming that the TiB reinforcements of
the composites had cylindrical morphology and that they were
uniformly distributed and oriented in the Ti–6Al–4V matrix [18].
Given the irregular structure of NT-ZnOw, FEM is seldom used to
study the mechanical properties of NT-ZnOw composites. More-
over, the existing commercial ﬁnite element software cannot pro-
duce models for large numbers of whiskers, which are distributed
randomly within the matrix and have a controllable conﬁguration.
Meanwhile, the two-dimensional (2D) approach of distributing
NT-ZnOw randomly is not applicable in the investigation of the
3D parameters of the nanomaterial [19]. Therefore, solving the
problem of generating randomly distributed 3D NT-ZnOw by
FEM and predicting the mechanical properties of NT-ZnOw/resin
composites are important.
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the NT-ZnOw/resin composites containing different whisker con-
tents via the FEM. An algorithm for generating the 3D NT-ZnOw
with multivariate random distributions is developed. The corre-
sponding program, which is designed using FORTRAN, is intro-
duced to the ﬁnite element software ABAQUS to build a ﬁnite
element model and perform numerical simulation. From the per-
spective of micromechanics, periodic displacement boundary con-
ditions are applied, and the unit cell prediction model of the elastic
properties of NT-ZnOw/resin composites is established using FEM.
Finite element models with different volume fractions and aspect
ratios of NT-ZnOw are built. In addition, the inﬂuences of different
factors on the elastic modulus of composites are analyzed. Numer-
ical predictions and theoretical predictions are also compared.
2. Theoretical prediction
The elastic modulus of one way continuous-ﬁber composite is
commonly calculated by the rule of mixture. However, for the
short-ﬁber composite, the strain in the matrix and the strain along
the axis of ﬁber are not ﬁxed. Thus, the Halpin–Tsai model for uni-
directional short-ﬁber composites is adopted. The speciﬁc model is
described by the following equations:
EL
Em
¼ 1þ 2ðl=dÞgLVf
1 gLVf
ð1Þ
ET
Em
¼ 1þ 2gTVf
1 gTVf
ð2Þ
gL ¼
Ef  Em
Ef þ 2ðl=dÞEm ð3Þ
gT ¼
Ef  Em
Ef þ 2Em ð4Þ
where EL and ET represent the longitudinal and transverse elastic
moduli of the unidirectional ﬁber composite, respectively. Em andA ¼
cosw cos h sinw cos h sinu sinw cosuþ cosw cos h sinu sin h sinu
 cosw sinu sinw cos h cosu  sinw sinuþ cosw cos h cosu sin h cosu
sinw sin h  cosw sin h cos h
2
64
3
75 ð7ÞEf are the corresponding moduli of the matrix and the ﬁber, Vf is
the ﬁber volume fraction, and l/d is the aspect ratio of the ﬁber.
These equations yield approximate results of the elastic (E) and
shear (G) moduli of the composites with different volume fractions
of NT-ZnOw (Table 1). The material parameters used in the calcu-
lation of Halpin–Tsai equations are as follows. The elastic modulus
of NT-ZnOw is Ew = 35 GPa, and its Poisson’s ratio is vw = 0.3. TheTable 1
Theoretically-predicted values of elasticity.
Material
number
Whisker volume
fraction Vw/%
Elastic modulus
E/GPa
Shear modulus
G/GPa
L1 0 3.500 1.346
L2 1.0 3.628 1.395
L3 2.0 3.755 1.444corresponding values for the resin matrix are Em = 3.5 GPa and
vm = 0.3 [19]. The average aspect ratio of the NT-ZnOw is lw/
aw = 51/15, in which lw is the average stitch length of NT-ZnOw,
and aw is the average stitch diameter of NT-ZnOw. Table 1 shows
the theoretical prediction values of the elastic character of the
NT-ZnOw/resin composites.
For the short-ﬁber composite with spatial isotropy, its modulus
can be calculated using Eq. (5).
E3DRandom ¼ 15 EL þ
4
5
ET ð5Þ3. 3D ﬁnite element simulation
3.1. Program design
The irregular structure of NT-ZnOw impedes the FEM modeling
of the multivariable NT-ZnOw/resin composites with randomly
arranged NT-ZnOw. Thus, program designing method is used to
model randomly distributed 3D NT-ZnOw.
3.1.1. Algorithm proposition
A new algorithm that combines rigid body kinematics theory
with the Monte-Carlo method is proposed to produce random spa-
tial NT-ZnOw. First, pseudo-random numbers produced by the
Monte-Carlo method are used as the central node coordinates
and the three Euler angles in a moving coordinate system of the
whisker. Second, according to the Euler method of rigid body kine-
matics theory, the coordinates of the four stitches in the moving
coordinate system are transformed to those in the ﬁxed coordinate
system when the length of the stitch is identiﬁed. The coordinates
of the center and the four stitches of the whisker in the ﬁxed coor-
dinate system are obtained. Speciﬁc transformation formula is
shown as follows:
r ¼ r0 þ A1r0 ð6Þ
where r0 denotes the position vector of the whisker center in the
ﬁxed coordinate system, A is the coordinate transformation matrix,and r0 is the set of coordinate values of the whisker in the moving
coordinate system. The components of which are depicted below:
r01 ¼ f0;0;agT ð8Þ
r02 ¼ f0;b sin 72; b cos 72gT ð9Þ
r03 ¼ fc sin 72 cos 30; c sin 72 sin 30; c cos 72gT ð10Þ
r04 ¼ fd sin 72 cos 30; d sin 72 sin 30;d cos 72gT ð11Þ
where a, b, c, and d represent the random lengths of the four whis-
ker stitches.
3.1.2. Program implementation
FORTRAN is used to develop the program that will generate 3D
multivariable NT-ZnOw distributed randomly within the matrix.
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and the three Euler angles in the moving coordinates of each
NT-ZnOw are used to calculate the node coordinates of the four
stitches of the 3D NT-ZnOw in the program. The center note coor-
dinates and the three Euler angles are produced by pseudo-random
numbers. A ﬂow chart describing the speciﬁc procedure of whisker
generation by the program is illustrated in Fig. 1.Fig. 2. Unit cell model of the NT-ZnOw/resin composite.3.2. Unit cell model
Prediction of the equivalent properties of composites has been
one of the conversional but valuable topics of micromechanics.
The complexity of the microscopic model of the NT-ZnOw/resin
composite hinders the attainment of analytical solutions by elastic
mechanics method. Materials mechanics technique is simple and
straightforward, but requires many simplifying assumptions.
Therefore, numerical analysis is the most suitable technique for
predicting the properties of the composite.
A single whisker is taken as the RVE in this study to establish
the physical and mechanical model. Given its complex spatial con-
ﬁguration, the 3D ﬁnite element unit cell model as shown in Fig. 2
is built by the whisker generation program and Pro/E software. TheThe whiskers are randomly generated.
The length, width, and height of the matrix, as 
well as the length range of the stitch and 
quantity of the whiskers, are entered 
The length of the matrix was multiplied with the generated 
random numbers. The center coordinates of the whisker, 
which consider matrix as coordinates, is established. 
The length of four stitches is produced by multiplying the 
four groups of random numbers by the maximum length of 
stitch, and the spatial position of the moving coordinate 
system is determined by timing the three groups of 
random number and 360°.
The coordinate values of the five nodes of whisker in the 
moving coordinate system is calculated and 
transformedthem to global coordinate system by 
transformation matrix 
Similarly, other whiskers are generated and judged 
whether the whiskers overlapped 
NT-ZnOw/resin composites are generated with 
different lengths, angles, and quantities.
N 
Y 
Y 
Y 
Y 
N
N 
Out of the range of 
matrix? 
Overlapping between whiskers?
Enough quantity of whiskers? 
Main program 
N 
Fig. 1. Flowchart of the generation program for randomly arranged multivariate
whisker.model is divided into two parts, one for the NT-ZnOw, and the
other one for the cubic matrix. The volume fraction of the whisker
is 1.0%, and the whisker is assumed to be arranged in a certain
direction. ABAQUS is utilized to ﬁnish the meshing process and
micro ﬁnite element simulation. Basic assumptions of the model
require that the matrix and whisker are isotropic materials and
they should have good interfacial bonding. Material parameters
used in the simulation are as follows. For the resin matrix,
Em = 3.5 GPa and vm = 0.3. The corresponding values for the
whisker are Ew = 35 GPa and vw = 0.3.
Under external loads, the stress–strain ﬁeld of the composites,
which is the periodic unit cell, should be periodic and continuous.
Therefore, nanocomposites were analyzed under the conditions of
periodic boundary (stress or strain boundary conditions). Reason-
able distribution of the microscopic stress of unit cell is obtained.
For composites consisting of periodic RVE, the boundary of adja-
cent unit cell satisﬁes two continuity conditions: (1) continuity
of displacement, which indicates that no gaps or embedding
should be present at the boundary of the adjacent unit cell after
deformation of the unit cell; and (2) continuity of stress, that is,
the stress along the parallel face in the periodic unit cell is consis-
tent. During the ﬁnite element simulation, linear-constraint
equations of the corresponding node displacement are utilized to
evaluate the displacement difference between the nodes. The com-
plex value of the actual boundary displacement of the periodic unit
cell is not given directly.
Assuming that only small deformation in the elastic range
occurs in the unit cell, the periodic unit cell is considered as aniso-
tropic and entirely linearly elastic. Its constitutive equation is
depicted as
ei ¼ Sij ri ð12Þ
where Sij is the equivalent compliance matrix of the unit cell. ei and
ri represent the macro-average strain and stress of the unit cell,
respectively. According to mesomechanics, assuming that the com-
posite constitutes N kinds of materials and the volume occupied by
the material of the r item is symbolized by Vr, the average strain and
stress of the unit cell are deﬁned as
eij ¼ 1V
R
V eijdV ¼
XN1
r¼0
1
V
R
Vr
eijdV ¼
XN1
r¼0
crðeijÞr
rij ¼ 1V
R
V rijdV ¼
XN1
r¼0
1
V
R
Vr
rijdV ¼
XN1
r¼0
crðrijÞr
8>>><
>>:
ð13Þ
In this study, six kinds of boundary conditions of periodic dis-
placement difference based on the simple average strain are
applied to the REVmodel. The boundary conditions contain tension
boundary conditions along the three principal axis of unit cell and
shearing boundary conditions along the three principal axis planes
of the unit cell. Speciﬁc application methods are given in Table 2.
The periodic boundary conditions displayed in Table 2 are
applied to the unit cell of the NT-ZnOw/resin composite. According
Table 2
Methods of applying periodic boundary conditions on the unit cell.
k 1 2 3 4 5 6
ex 0.01 0 0 0 0 0
ey 0 0.01 0 0 0 0
ez 0 0 0.01 0 0 0
cyz 0 0 0 0.02 0 0
czx 0 0 0 0 0.02 0
czx 0 0 0 0 0 0.02
Fig. 3. Model diagram of the NT-ZnOw distributed randomly in the matrix with (a)
200 long whiskers, (b) 200 short whiskers, (c) 500 long whiskers, and (d) 500 short
whiskers.
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composites is obtained by calculating the average stress in differ-
ent working conditions. Sij is calculated as
Sij ¼
27:143 7:954 8:138 0 0 0
7:954 26:973 7:953 0 0 0
8:138 7:953 27:133 0 0 0
0 0 0 71:63 0 0
0 0 0 0 71:0 0
0 0 0 0 0 71:62
2
666666664
3
777777775
 10
ð14Þ
The form of the compliance matrix of the unit cell is exactly
similar to that of the orthotropic elastic material in the range of
the effective values. Therefore, the unit cell of the NT-ZnOw/resin
can be considered as linear elastic and orthotropic material.
The relationship between the compliance matrix coefﬁcients
and engineering elastic constants are described in Eq. (15).
Ex ¼ 1=S11; Ey ¼ 1=S22; Ex ¼ 1=S33
Gyz ¼ 1=S44; Gxz ¼ 1=S55; Gxy ¼ 1=S66
mxy ¼ S12=S22; mxz ¼ S13=S33; myz ¼ S23=S33
8><
>:
ð15Þ
Accordingly, when Sij is identiﬁed, the nine independent engi-
neering elastic constants of the NT-ZnOw/resin composite can be
calculated. The values of the engineering elastic constants are
given in Eq. (16).
Ex ¼ 3:684 GPa; Ey ¼ 3:707 GPa; Ez ¼ 3:707 GPa
Gyz ¼ 1:395 GPa; Gxz ¼ 1:408 GPa; Gxy ¼ 1:396 GPa
mxy ¼ 0:2949; mxz ¼ 0:2999; myz ¼ 0:2931
8><
>:
ð16Þ
Hence, little differences are found among the three directions.
The result indicates that the unit cell is approximately isotropic.
Thus, the approximate values of the three engineering constants
are E = 3.7 GPa, G = 1.4 GPa, and m = 0.295. These values agree well
with the theoretically predicted values (E = 3.628 GPa,
G = 1.395 GPa, and m = 0.3). These results indicate that the model
is reasonable and effective. Based on the compliance matrix of unit
cell, using the theoretical method of micromechanics, both the
equivalent moduli of the NT-ZnOw/resin composites in which the
whiskers are directionally arranged in multiple directions and
those in which the whiskers are in random spatial arrangement
can be obtained. Consequently, such whisker composite can be
designed in the meso level, providing the basis for improving the
performances of composite materials.
3.3. Simulation of the NT-ZnOw/resin composites
3.3.1. 3D FE model establishment
The qualitative analysis of the composites is necessary consid-
ering that the volume fraction and aspect ratio of reinforcement
are signiﬁcant parameters for composites. The center and vertex
coordinates of the whiskers produced by the generation program
of multivariate random whisker are used during the modeling pro-
cess using ABAQUS. Twenty models are established, that is, tenmodels containing short whiskers (50–100 lm) and ten models
containing long whiskers (100–150 lm). The quantity of the whis-
kers is increased from 50 to 500. Forty kinds of working conditions
of loading direction, including one-way tensile and pure shear, are
applied to investigate the elastic and shear moduli of the compos-
ite. Assuming good interfacial bonding between the whiskers and
the matrix and ignoring the effects of residual thermal stress, the
Em and mm of the matrix are 3.5 GPa and 0.3, respectively. The Ew,
mw, and d of the whiskers, which are ideal elastic material, are
35 GPa, 0.3, and 10 lm, respectively. The load of one-way tensile
is r1 = 60 MPa and the load of pure shear is s12 = 60 MPa. To
improve the accuracy of simulation, B33-beam element is used
for the whisker, and C3D20R-solid element is used for the matrix.
Fig. 3 illustrates the model diagram of the whiskers in the ABAQUS,
where (a) and (b) contain 200 long and 200 short whiskers, respec-
tively, whereas (c) and (d) contain 500 long and 500 short whis-
kers, respectively.3.3.2. Results and analysis
All the displacements of the model end nodes are evaluated by
modifying the keywords in the numerical simulation. The displace-
ments of all nodes on each end face in the ﬁrst direction are
averaged as the end face displacement (U1). The diagram of the
two kinds of loading directions and the end face required to extract
displacement are depicted in Fig. 4. After numerous calculations,
the U1 of the composites embedded with the whiskers with differ-
ent volume fractions and aspect ratios are obtained. Fig. 5 shows
the variation in the U1s under the two kinds of applied loads.
U1 decreases with increasing whisker volume fraction. Under
constant loading, Fig. 5 indicates that as the whisker content
increases, the elastic modulus and shear modulus of composites
increase. This ﬁnding shows that the composites become stiffer.
Additionally, at similar volume fractions of the whiskers, the stiff-
ness of the model with the larger whisker aspect ratio is larger than
that with the smaller aspect ratio. This phenomenon is caused by
the fact that the stiffness of the whisker is far larger than that of
the matrix. This phenomenon may also be caused by the random
XY
Z
X
Y
Z
(a) (b)
Fig. 4. Two kinds of loading: (a) tensile and (b) pure shear.
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Fig. 5. Variation in the end displacement of each model under different loads: (a)
tensile and (b) pure shear.
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Fig. 6. Elastic moduli comparison between the numerical simulation and theoret-
ical prediction.
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as well as their special 3D structure which plays a pinning role in
the matrix. Therefore, with long whisker stitches, the four stitches
in the space can be embedded in the matrix at different depths,
angles and quantities. Hence, spatial pin-hole is formed in the
matrix, and the stiffness of composites is increased.
When the composite contains 250 long whiskers, its volume
fraction of whiskers is 1.0%, which is similar to that of the RVE
model, and its E = 3.614 GPa. These values agree well with those
from the theoretical and equivalent prediction of the unit cell.
These ﬁndings indicate that the model is reasonable, and the
method is effective.
To evaluate the validity of the numerical simulation results, the
elastic modulus of the NT-ZnOw-reinforced composites, which are
obtained by simulation and theoretical methods are compared.
Fig. 6 shows the comparison of the moduli of NT-ZnOw-reinforced
composites with different volume fractions.The values of theoretical prediction are in good agreement with
those of the simulation results. This ﬁnding indicates that building
the model of NT-ZnOw with complex shapes and performing
simulations using the FEM are rational and effective. Generally,
an increase in the volume fraction of the whisker results in similar
variation trend between the theoretical and numerical elastic mod-
uli of the composites. From a certain perspective, the two curves
also have similar trends. Accordingly, the 3D ﬁnite element model
gives precise predictions for the corresponding material properties
of the NT-ZnOw/resin composites.4. Conclusions
A new computing method to generate spatially random-
distributed NT-ZnOw is proposed, and the NT-ZnOw generation
program is coded in the FORTRAN language. The method compre-
hensively characterizes the microstructure of the NT-ZnOw and
fully considers the quantities, stitch length, and spatial random dis-
tribution of the NT-ZnOw. This method is efﬁcient and convenient
for whisker generation, and it shows high accuracy in the simula-
tions of mechanical parameters.
With the introduction of periodic boundary conditions, the elas-
tic property prediction model of the NT-ZnOw/resin composites is
built based on the unit cell by mesoscopic FEM. The compliance
matrix of the RVE of the NT-ZnOw/resin composites is obtained,
and the engineering elastic constant of each direction is identiﬁed.
The constants from the simulations are in good agreement with
those from the theoretical prediction. The results have promoted
the development from qualitative to quantitative microstructure
design of whisker-reinforced composites. This process lays the
foundation for the study on microscopic damage and fracture of
composites.
With the use of FEM, ten groups of NT-ZnOw/resin composite
models are calculated and compared. The macroscopic elastic
and shear moduli of each model under uniaxial tension and pure
shear loads are analyzed. The results enhanced our understanding
of the effects of whisker volume fraction and aspect ratio on the
composites. Additionally, the whisker generation program, which
provides qualitative reference for the variation in the stiffness of
multiple NT-ZnOw-reinforced polymers, also enables numerical
simulation on the equivalent elastic properties of the 3D compos-
ites in which the whiskers are distributed randomly. Thus, this
method is practical.
In conclusion, this paper provides the theoretical and methodo-
logical support for the study on nanowhisker composite
190 J.-L. Rong et al. / Computational Materials Science 96 (2015) 185–190applications and promotes the development of materials technol-
ogy and improvement of the material design of nanowhisker
materials.
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